Equivariant monads and equivariant lifts versus a 2- category of 

distributive laws 
ZoRAN Skoda (preliminary notes) 

Fix a monoidal category C. The 2-category of monads in the 2-category 
of C-actegories, colax C-equivarant functors, and C-equivariant natural trans- 
formations of colaix functors, may be recast in terms of pairs consisting of a 
usual monad and a distributive law between the monad and the action of C, 
morphisms of monads respecting the distributive law, and transformations of 
monads satisfying some compatibility with the actions and distributive laws in- 
volved. The monads in this picture may be generalized to actions of monoidal 
categories, and actions of PRO-s in particular. If C is a PRO as well, then 
in special cases one gets various distributive laws of a given classical type, 
for example between a comonad and an endofunctor or between a monad 
and a comonad. The usual pentagons are in general replaced by multigons, 
and there are also "mixed" multigons involving two distinct distributive laws. 
Beck's bijection between the distributive laws and lifts of one monad to the 
Eilenberg-Moore category of another monad is here extended to an isomor- 
phism of 2-categories. The lifts of maps of above mentioned pairs are colax 
C-equivariant. We finish with a short treatment of relative distributive laws 
between two pseudoalgebra structures which are relative with respect to the 
distributivity of two pseudomonads involved, what gives a hint toward the 
generalizations. 

1. Throughout the paper, C will be a fixed monoidal category with a monoidal product 
(g), a unit object 1, the associativity coherence isomorphisms ax.Y,z : X {Y ^ Z) — > 
{X (S^ Y) ^ Z, natural in X,Y, Z € ObC, the left unit coherence r : Idc=>Idc (8) 1 and the 
right unit coherence / : Idc^l ® Idc satisfying for all A,B,C,D € ObC the MacLane 
pentagon aA,B,c«>D°aAig)B,c,D°iaA,B,c®D) = {A>g)aB^c,D)°aA,B®c,D and unit triangle 
coherence relations ai,A,B ° = Ia® B and ta^b — o,a,b.i o {A® tb)- A left coherent 
action of C on a category A/" is a coherent monoidal functor C : C ^ End A/" where EndC is 
strict monoidal with respect to the composition of endofunctors. Equivalently, a C-action 
will be given by a bifunctor : C x A/" — > M , natural isomorphisms \1/ : _)0_=^_0(-0-) 
and u : ldj^^\()ld^ satisfying for all Q, Q', Q" £ ObC and G ObA/'the action pentagon 
coherence ^'Q,Q\Q"OAf o *q«iQ',q",jv o [aq^qi ^q„()N) = (QO*Q'.Q",Ar) o *Q.Q'®Q",Ar and 
unit action coherences uqon ° '^i,q,n — Iq()N and {Q()un) o ^'q_i_jv = rQ()N. A C- 
actegory is a category A/" equipped with a coherent action 0, ^, u of C. 

2. A colax C-equivariant functor of C-actegories {FX) ■ (A/(, 0^, m^) ^ 
{M,C>'^ jW^) is a usual functor F : M ^ J\f with a binatural transformation of 
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bifunctors C : F{_(}-^.)^.(}^F{_) : C x M^N', so that 



F(IO-^M) 




F(M) 



lO^F(M) 



(1) 




F((y4(8)S)0-^M) 



f(A»B)<>M 



(A0B)O^F(M) 



A,B,F(M) 



(2) 



F(AO-^ (BO^ M)f^^ AO^ F{B<}-^M) ^^^AO^ (BO^ F(M)) 
C-actcgories and colax C-equivariant functors make a category C— acfj;: given {F,(^) : 



Af and (GX^) 
M^V where C^"^ 



— > TV their composition is (F, C''^) o (G, 



(i^oG,C^°^) : 



3. A C-equivariant natural transformation of colax C-equivariant functors 
a : {F, (^)=^{H, ): A4 ^ J\f is a, natural transformation of underlying ordinary functors 
a : F=^G such that for all G € C, M e M the following square commutes: 



F{C()^M) 



(3) 



"COM 



G(GO-^M) 



COaM 



CO^GM 



The usual transformation of usual functors obtained as a vertical or a horizontal composi- 
tion of C-equivariant natural transformations of colax C-functors is C-equivariant. Thus we 
obtain a strict 2-category C— act'" which has all cartesian products, namely the usual prod- 
ucts in Cat equipped with the diagonal C-action, e.g. for binary products of C-actegorics 
GO(M, N) = {COM, C<)N), and for C-functors {F, C^) x (G, C^) = {F x G,C^ x C,^). 

4. Let G be an endofunctor on a category M. For a given monad T = (T, /i, rj) with 
a multiplication ji : TT^T and unit v : Id^T a distributive law between G and T is a 
natural transformation / : GT=>TG such that 



IT Tl 

GTT ^ TGT ^ TTG 



GT- 



TG 



(Dl) 



commutes and I o Grj = rjG : G^TG. A lift of an endohmctor (resp. (co)monad) G to a 
category C equipped with a functor [/ to is an endofunctor (resp. (co)monad) G such 
that UG = GU (and obvious additonal conditions for the (co)monad case). The basic 
motivating fact for this definition states that the distributive laws between G and T are 
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in a canonical bijcction with the hfts of cndofunctor G to the Eilenberg-Moore category 
M'^ of modules (M, v) with respect to the forgetful functor U : (M, v) ^ M (as usual, 
M G ObA^ and v : TM M). Often G is also a (co)nionad. Then, two additional 
axioms are required for I which ensure that G is also a (co)monad. Modulo quoting this 
very fact, no proof in this paper needs repair when replacing distributive laws and lifts 
where G is endofunctor, with the version where G is a (co)monad. 

5. In every strict 2-category, endo-l-cells of a fixed object and their natural trans- 
formations form a strict monoidal category, with the horizontal composition as the tensor 
product. In particular, Endc(A^) C— act'^(A^, 7W) is a strict monoidal category. If 
T = (TX) is an object in End(A^), that is a colax C-equivariant endofunctor, then its 
tensor square is ft ~ (T o T, Ct o T(C)). Here (Ct o r(C))c,j\/ := Cc,tm o T{Cc,m) ■ 
TT{G<)M)^G()TTM. Let now f = {f,ii,rf) be a monad in C-act^ Our next aim is 
to decipher these data in terms of data in Cat. T = (T, Q is a colax C-equivariant endo- 
functor hence the two diagrams (|ll2p commute with T in place of F. The multiplication 
/i : TT=^T is a natural transformation fi : TT^T, whose C-equivariance says that ([3]) 
commutes for a = /i, F = TT, G = T, = (to T{() and = C- From this we obtain 
the following pentagon 



TT{COMf^^^T{GOTM) '^■^^ COTTM 



T{G<}M) 



Cc.M 



(4) 



COTM 



The unit r/ : (Id^vi, Idid)=>(T, is a natural tranformation rj : 
equivariance means that ^ commutes for F = Idx, = Mm, 
what reduces to the triangle 

COM 



T{C(>M) 




COTM 



Id 
G 



-> T and its C- 
T and C*^ = C 

(5) 



The identities for /i and rj (monad associativity /i o T{ji) = fio /i^and unit axioms) simply 
say that the underlying endofunctor has a structure of a monad. 

Proposition. A monad T — {T,fi,ri) in C—acf is the same as a usual monad T = 
{T,fj,,ri) together with a binatural transformation C, : T{J)_)^J)T{^, satisfying (QP, 0i 
with T = F and i.e. the distributive lav^r between C-action and T. 

6. More generally, we may be given two actions of monoidal categories C and V on 
the same category Ai. The distributive law between these two actions will be a binatural 
transformation of bifunctors 'DO{COM)^CO{T^OM) satisfying again some coherences; 
this general case will be studied elsewhere and, in the case of one left and one right action 
also in |9j. Let us now recall the classical case. 

Let G be an endofunctor on a category A4. For a given monad T — (T, ji, rj) with a 
multiplication jj, : TT^T and unit v : Id^T a distributive law between G and T is a 



3 



natural transformation I : GT^TG such that 



IT Tl 

GTT ^ TGT ^ TTG 



(Dl) 



GT- 



mG 
TG 



commutes and / o Grj — tjG : G^TG. A lift of an endofunctor (resp. (co)monad) G to a 
category C equipped with a functor J7 to is an endofunctor (resp. (co)monad) G such 
that UG = GU (and obvious additonal conditions for the (co)monad case). The basic 
motivating fact for this definition states that the distributive laws between G and T are 
in a canonical bijection with the lifts of endofunctor G to the Eilenberg-Moore category 
M'^ of modules {M, i/) with respect to the forgetful functor U : [M, v) ^ M (as usual, 
M g ObA^ and v : TM —> M). Often G is also a (co)monad. Then, two additional 
axioms are required for I which ensure that G is also a (co)monad. The generalizations 
of these additional axioms for the case of PRO are also studied below. We start with the 
easier partial case of monads. 

7. A map of monads in a fixed category is a natural transformation a -.T => T' 
for which a o — ^J■T' and fi o Trj = fj, o rjT = id : T T. Every map of monads 
a induces a functor of Eilenberg-Moore categories H°' : M'^ by the formula 
H°'{M,v') = {M,v' o um)- Conversely, if a functor H : M'^' M'^ is such that 
UH = U', where U, U' are forgetful and F, F' are free T-algebra functors, then H induces 
a natural transformation : T ^ T' given by the composition 

t'^TT' ^ UFU'F' = UFUHF' UHF' = U'F' = T' . (6) 

These two rules are mutual inverses. 

8. More generally, given monad S in category M. and monad T in category A/", a map 
of monads {K, a) : T S is a pair of a functor K : M. ^ Af and natural transformation 
a : TK^KS : M N such that 

TTK TKS KSS 
TK ^KS 



commutes and a o rj^ K = K-q^ : K KS. In C— act"^, the monads are now pairs S = 
(S,Z'^),T — (T, and K is replaced by a colax C-equivariant functor {K,C,^) : M^J\f, 
i.e. Ccj\/ • K{G()^ M)^C()^ KM form a binatural transformation of functors satisfying 
the coherences of types (Il|),([2]). 

9. A map of monads {K,a) is a map of pairs {K,a) : (T, Z-^) — > (S,Z'^) if the 
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following hexagon commutes 



(7) 



KSG^ 



Kl- 



KG^S 



G^KS 



where G^ = (CO"^-) G Endc(7W) etc. (for all C). 



10. If (if, a) : T ^ S and {L,f3) : V ^ T are two maps of monads, then their 
composition is {K, a) o [L, /3) := (L o K, La o (iK) : V ^ S which is again a map of 
monads as it follows by simple pasting: 



VV{LK) 



V{Lao0K) 



VLKS ■ 



{Laol3K)S 



■ LKSS 






I3TK LTa 

VLTK ^ LTTK ^ LTKS 




V{LK) ■ 



I3K 



LTK- 



La 



{LK)S 



11. For the cquivariant case, there is nothing more here to show, as this makes sense 
in any 2-category. The composition of maps of pairs is in detail 

(L,C^,a) o (/CC-^,/3) = {LoK,C^KoLC^,LaopK). 

The diagram expressing the fact that 

La o 0K : (VLK, LK o VQ^K o VLC^)^{LKS, C^KS o L^^ S o LKl^) 

is C-equivariant may be obtained as follows: 

VLKG^ VLG^K^^ VG^^LK ^ G^^VLK 



LTKG^ 

LaG^ 

LKSG^ 



I3G^K 



LTG^K 



LV K 



LG^TK 



LKG^S ■ 



LG^KS- 



G'^ffK 

G^LTK 

G'^La 

G^LKS 



12. A transformation of maps of (usual) monads a : {K,a)=^{L, p) : T — > S is a 
natural transformation a : K=>L such that 



TK^^TL 



KS-^LS 



(8) 
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commutes. For monads in C—acf^, te requirements ar the same, but of course the com- 
ponents need to be C-equivariant. Thus the transformation of maps of pairs 

is a usual transformation a : K^L satisfying the same Eq. ([8]), but viewed as a transfor- 
mation of pairs a : {K,(^)^{L,(^^) : ~^ {S,l^), is required to be C-equivariant, 
i.e. the square 



K{C()^M) CO^KM 



(9) 



COo-A 



L{CO^M) -^-^ CO^LM 

commutes for all C in C and A/ in A^. 

13. (The cube for transformations of maps of pairs) Denoting again, G-^ = C(}^'^ M. 
etc. we have the commutative diagram 



TKG^ TG^K G^TK 



G'^ Ta 



TLG^ 7^ TG^L G^TL 



which is actually the upper face of the cube 



TKG^ 




aG^ TLG^ 



KSG^ 



Kl 




LSG^ 



■TG^K 



I' K 




■TG^L- 



KG^S- 




LG^S- 



G^TK 




^G^TL 



G^KS 




G^LS 



(10) 



where the bottom face is analogous commutative diagram involving L instead of K , where 
the left and right faces commute because tr is a transformation of usual monads, and the 
front and back hexagons commute because (3 and a are maps of pairs, cf. diagram ([7]). 
Hence the cube commutes. 

14. Theorem. (Mixed heptagon formula, given a map of distributive lav^rs) 

Let be two distributive laws between a C-actions and monads, S,T in C-actegories 
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M,M respectively, and {K,(^^,a) : (T, ^^)=^(S, ^'^) a map of pairs as above. Then for 
each C in C, CO'^- G Endc(A^), the following diagram commutes 



TKSG^ 

{Kii^oaS)G^ 

KSG^ - 



TKG^S 



TC S 



■ TG^KS 



■KG^S 



I' K 



TC" 



G^TKS 



G^iKti^oaS) 



■ G^KS 



Proof. This is obtained by the pasting of the following diagram 

TKSG^ ^ TKG^S ^ TG^KS ^ G^TKS 



aSG^ 



cxG^S 



KSSG^ ^ KSG^S ^ KG^SS ^ G^KSS 



KSG^ 



KG^S 



KG^^i"" 



G^KS 



where the upper left corner is commutative by naturality of a, the upper right by the pair 
property of a, the left lower corner is the pentagon for the distributive law and the 
right lower corner comes from the naturality oi fi^ . Q.E.D. 

15. Recall that a PRO is a strict monoidal category, whose object part is the set 
of natural numbers (including 0) and the tensor product of objects is the addition of 
natural numbers (and the unit object is 0). Different PRO-s differ by the morphisms, 
and the tensor product on morphisms is still usually denoted by + but typically it is 
not commutative. A (strict) representation of PRO 2? in a monoidal category f is a 
strict monoidal functor D — > f . There is an obvious way to define PRO-s by morphism 
generators (under composition and "addition") and relations. 

We saw above that an endocell in C— act"^ is an endofunctor T together with a "dis- 
tributive law" between C and T what is a binatural transformation satisfying two com- 
mutative diagrams ll]), ([2|) with F — T and l'^ — ■ Given a representation T' : V £ 
we denote by T" T{n) and simply T := T(l) 

Theorem. A (strict) representation of a PRO T* : T> ^ Endc(A^) is the same 
as a pair (T, Z) where T' ; V — > End(A^) is a representation and I = l'^ is a binatural 
transformation 

f : r(_0-)^-OT(_), fc^^j : T(COM)^COr(M) 
satisfying {I]), (0) and such that for every a : n ^ m the (n+m+2)-gon 



T"{COM) ^■¥'"-i(COTAf)^ ^™ . T(COT"-iA?)''^^-^ G<}T"M 



acc>M 



T''''{G(>M)—^ T"'-\G<)TM}^ 



^ 1 



. T{G()T"'-^M) ^ C()T 



C<)a^ 
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commutes. 

The last condition simply says that a : T"^T"^ is in fact a C-equivariant trans- 
formation a : {T",l'^ )^(T™,^^ ) of colax C-equivariant endofunctors, where := 
lT"^^o. . .oT"^^lToT"^^l. This gives as many new diagrams as there are many primitive 
natural transformations in the game. For example a nonunital comonad has a coproduct 
S hence the distributive laws between C-action and a nonunital comonad satisfy one more 
axiom, what amounts to 3 diagrams total. More precisely, one has a structure of a PRO 
on natural numbers where S etc. are the maps between n and m instead of T" and 
and we are dealing in fact with a strict monoidal functor from this PRO to the category 
of endofunctors of Ai (called also a strict representation of this PRO). Now I claim that 
a strict representation in Endc(A^) is simply a pair of a representation in End(AI) and a 
distributive law in the generalized sense, satisfying n + 2 relations if the PRO is generated 
by n morphisms. 

16. Now specialize C to the image of a representation G, : Co ^ End(7W) of (another) 
PRO Co in End(7V4). The generating object is Gi — G,{1). C is itself not necessarily a 
PRO even in this there may be a nonzero kernel of G, on the level of objects, 

but this presents no difficulty in the following. This is a strict monoidal subcategory 
of End(AI). Thus we have now two PRO-s in the game. First of all in this case the 
diagrams (H)), ^ may be skipped all together! Namely 5*,^, ?i.m are all identities, hence 
(H]) is a tautology, while ([2]) for general A = G", B = G™ says simply 

Ig"'+'",m = G^^{Ig"^,m) ° Ig"',G'"M- (11) 

and in particular 

^G",M = G"" {Ig,m) ° Ig"-^,gm- (12) 
what can be iterated to obtain 

h^.M = G''-\Ig,m) o G^-\Ig,gm) 0...0 G{Ig,g--u.i) o Ig,g^-^m- (13) 

Thus every Ig^.m can be in the case when ^I^-s are strict described in terms of 
Ig,G'' m for varying s < n. In particular, it is enough to consider the distributive laws 
with one naturality 

/ : TG^GT, Im ■— Ig,m- 
We denote by Z^"^ := Ig^.m- This way we have 

lin) ^ QU-li ^ Qn-2iQ ^ ^ ^ GZG"-^ O lG"-\ (14) 

The naturality of lc,M in first argument, for 6 : G" G™ £ MorC = G,(Co) says that 
(n + m + 2)-gon 

TG" -^'gTG"-! . . G"-iTG^^ G"r (15) 



T5 



ST 



rpQva GTG"'-^ ^^-^ . . . G"'-^TG - ^ G"'T 
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commutes. 

From now on, whenever we discuss the distributive law between two representations 
of PRO-s we win consider just the transformation I with one naturahty. 

For example, let C be the PRO for counital coalgebras. Its set of morphisms is gen- 
erated by a morphism ^ : 1 — > 2, satisfying the coassociativity {S + id)6 = (id + 6)6 and 
a morphism e : 1 ^ satisfying (e + id)6 = (id + e)6 = id. An action of this PRO is, of 
course, a counital comonad. Then, (|15p becomes a pentagon for 6 and a triangle for e. 

More generally, if we have two endofunctors first with a structure arising from a 
representation of one PRO and another with a structure arising from another PRO, with 
k and p relations respectively, then we get in total k + p additional diagrams for I (there 
are no conditions on I except to be a transformation TG GT otherwise). The sizes of 
diagrams are always n + m + 2 where n and m are the domain and codomain of a morphism 
in one or another PRO in question. 

17. If G = T is an underlying functor or a comonad G and the distributive law 
I : GG^GG satisfies the quantum Yang-Baxter equation GlolGoGl — IGoGlo IG we say 
that I is a strong braiding on the comonad G. Then formula (|14p defines a distributive 
law between G and G" where the latter is inductively equipped with a composite comonad 
structure using for p < n. These results are discussed in our earlier article [7j. 

18. Suppose S, : V ^ Endc(A^), T, : V ^ Endc(A/') are representations of a 
fixed PRO V. As before, S = {S,,l^) and f = (T,,l^). A (colax) map of pairs 
(if, C^, a) : (T., F) {S,,l'^) is a colax C-equivariant functor (K, C^) : M ^ M together 
with a binatural transformation a : TK^KS such that hexagon ([7]) commutes and such 
that for every morphism r : n — » p in P with := T,[t) the following diagram also 
commutes: 

T'^K ^^V-iiiTS' . . j.j^gn^i'^.ElZX. KS"" (16) 



K 



T''~^a T''~^aS aS''~^ 

T"^K ^ TP-^KS ^ . . TKSP-^ - — ^ KS^ 

A map of pairs may be thought of as a colax C-equivariant intertwiner from S» to T,. 

19. Generalizing the notation from \1A\ for any natural transformation a : TK=^KS 
define a(") -.^ T'^-'^aoT'^'-'^aS o . . .o aS"^-^ -.T'^K ^KS'\ Let L : A/" ^ 7e be a functor, 
V.-.V Endcin) a C-equivariant representation ofV, and {L, C^,(3) : (V, l"^) (T, F) 
a map of pairs. 

Lemma. La^"^ o /^t")/^ = {La o (3K)^"l 

This follows by easy induction. Using this one easily proves that the analogue of the 
multigon for La o (3K is commutative. This together with 1101 gives 
Proposition. The rule 

(L, C^, /3) o {K, C^, a) (L o K, (^K o LC'',La o f3K) : (V, l"") (S, l') 

gives a (associative) composition of maps of pairs. 

20. Theorem. (Mixed heptagon for maps of endofunctor C-equivariant 
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representations of a PRO) For every [t : n p) E yioxV , the following diagram 

KiS(p-i) rsp 

KSPG^ ^ KG^SP ^ G^KSP 

commutes, where /•^("^i) — 5'"^^^'^ o . . . o Q — (^K ^ 

This proof is completely analogous to the proof of 1141 hence it is left to the reader. 
We call these identities "mixed" because unlike the diagrams for and l^ separately, they 
involve both and l^ . 

21. Finally, the notion of transformation of maps of pairs a : (if, C^, ,(3) : 
(r.,F) (5'.,^'^') is identical as in the case of monads in 1121 (as it does not involve 
morphisms in V): require the commutativity of ([5]) and ([5]). 

22. Theorem. The C-equivariant endofunctor representations of PRO V in varying 
C-actegories are objects of a 2-category ^gi>(,_^^^c{'P) where 1-cells are (colax) maps of 
pairs in the sense of 1181 and 2-cells are transformations of maps of pairs in the sense of 
1211 We also consider the 2-suhcategory Repc-actp(^) -R-'^p^-act'^ (^) where the 1-cells 
are those maps {K,(^) of pairs whose coherences C,^ are invertible. 

The details are left to the reader. 

23. (The category Oistr(A^, G) of distributive laws between an endofunctor (resp. a 
(co)monad) G and varying monads in a fixed category Ai.) Objects of 5istr(A^,G) are 
pairs (T, I) where T is a monad in Ai and I is a distributive law from G to T. Morphisms 
(T, /) (T, I') are the monad morphisms a : T ^ T' such that there is the following 
commuting square of natural transformations of endofunctors: 



TG- 



GT 



aG 



Ga 



T'G- 



GT' 



(17) 



It is clear that if we C is the PRO with only trivial morphisms, and G = G(l) for a 
representation G : C ^ End('P) then i)\5tx{M., G) is simply the full sub-l-category of (the 
decategorification of) R.epc_act<: (^) whose 0-cells are equivariant representations T of the 
PRO V for monoids (i.e. monads) in Ai. 

24. The original theorem of Beck. 

(i) Let I : TG^GT be a distributive law from an endofunctor (resp. monad) G to a 
monad T — {T, ii,ri). Then the rule 

G : (A/, I/) ^ {GM, lyi) = {GM, G{iy) o Im), vi : TGM H GTM GM, (18) 
defines an endofunctor on Ai"^ lifting G to an endofunctor (resp. monad). 
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(ii) Conversely, ii U : ^ Ai is the forgetful functors (forgetting the monad 

action: (M, i^) i-^ M), and G : M'^^M'^ and endofunctor such that UG = GU then for 
any object M in A^, the composition 



TGM- 



TG(nM) 



■ TGTM ■ 



GTM 



(19) 



defines the M-component of a distributive law TG^GT. 
(iii) These two rules are mutual inverses. 



25. Proposition. Condition {I'Tjj ensures that the induced functor among the 
Eilenberg- Moore categories will he G-equivariant. 

Proof. Let G and G" be the lifts of G in Ai'^ and A4'^ respectively. 
For all {M,iy') in M'^ , 



H"{G'{M, I/')) 



113 



H''{GM,G{v')oIm) 
{GM, G{i^') o Im o acAf) 

{GM,G{i^')oG{aM)ol'j,,) 
{GM,G{v' oaM)olM) 
G{M, v' o um) 
GH'^{M, v'). 



26. Lemma. Given any functor H : M'^ Ai'^ satisfying UH = U' the following 
identity holds 

He' o eHF'UH o Fr/UH = eH (20) 

Proof. This follows from the naturality square eH o FUHe' = He' o eHF'U' and the 
adjunction triangle UHe o -q'UH = idun for F' \- U' = UH: 



Fri'UH 



FUHF'UH 




eHF'UH 



HF'UH 



27. Theorem. (Mixed pentagon formula, given a functor H) Let l, I' be 

two distributive laws from an endofunctor G on Ai to the monads T, T' respectively. If 
H : A4'^' Ai'^ is a functor such that UH = U' and GH = G' then 



Tl' IT' 

TT'G ^ TGT' ^ GTT' 



(DIM) 



UeHF'G 

T'G- 



GUeHF' 
GT'. 
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Notice that two different distributive laws (twice I' and once I) appear in the formula and 
that this formula (DIM) reduces to (Dl) if T = T' and I = I' (then i7 = id and ^ = UeF). 
Proof. By ([TO)), axiom (DIM) will follow by the commutativity of 



TT'Gii' TU'e'G'F' 

TT'G ^ TT'Cr 



IT' 

TOT' ^ GTT' 



UtHF'G 



UeHF'GT' 



T'Gri' 

T'G ^ T'GT' 



U't'GF' 




Here the left-hand square and the middle rectangle commute by the naturality of Ue. The 
corner triangle on the left will be expanded further to prove its commutativity: 



TGT' 



TGtjT' 



UeGFT' 



■GTT' 



id 



TGT' 



TG-q'T' 




TGa"T' TGTT'T' 
'GUcHF'T' 




TGT'T' 



TGfj.' 



UeHGF' 



GUeHF' 



GT' 



The upper horizontal line is expanded using (HH) and noticing TGTT' = UFGUFT' = 
U FUG FT'; what is sent by UeGFT' into UGFT' = GUFT' = GTT'. The commutativity 
of the 3 triangles on the left is evident: for the leftmost follows from /i' o rj'T — id and the 
functoriality of TG; for the next triangle by the unit axiom for , i.e. rj' — o rj; and 
for the third triangle by the definition ([6]) of . To prove that the right-hand hexagon 
also commutes it is sufficient to prove that the 3 sides on the right compose to UFUX 
where X — GeHF'. Indeed, UX = GUeHF' is the top-down morphism on the right and 
the hexagon readily reduces to a naturality rectangle for U e. The 3 arrows on the right in 
fact compose to 

TG(/i' o UeHF'T' o Tr^'T') = UFG{UHe'F' o UeHF'U'F' o UFr^'U'F') 

= UFUG{He' o eHF'U' o Fr]'U')F' 
= UFUG{He' o eHF'U' o Fr]'U')F' 

The RHS is evidently equal to UFUX as required if the expression in the brackets equals 
eH. This is exactly the content of the previous Lemma [26l i.e. formula ([^0]) . 
This finishes the proof of the "mixed pentagon formula" . 

28. Corollary. If H : AA"^ — > M."^ is a functor satisfying UH = U' , equivariant in 
the sense HG — G' H , then a — is a morphism in Oistr(A1, G), i.e. it satisfies |J7[ ). 
Proof. The required commutativity of (fT7|) . by the definition := UeHF' o Trj' , 
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reduces to the commutativity of the external part of the diagram 



TG- 



GT 





TT'G 

UeHF'G 

GT 



Tl' 



TGT' ■ 



IT' 



^ GTT' 

GUeHF' 

^GT' 



The commutativity of the left-top triangle is the unit axiom for the distributive law the 
right-top rectangle is commutative by the naturality of /, and the bottom is the pentagon 
(DIM) fromim Q.E.D. 

29. Theorem. (Mixed pentagon formula, given a map a of distributive 
laws) Let I, I' be two distributive laws from an endofunctor G to to monad T, T' respec- 
tively and a : (T, ^)=>(T', ?') a morphism in c)istr(A1 , G) . Then the following diagram 
commmutes 



Tl' it' 
TT'G ^ TGT' ^ GTT' 



(DlMa) 



{tJ.'oaT')G 



G(ai'oqT') 



T'G- 



GT'. 



Proof. This simple proof is due M. Jibladze (personal communication). Recall that /i 
UeF. Then the following diagram is commutative: 



TT'G- 



Tl' 



TGT' ■ 



IT' 



GTT' 



aT'G 

T'T'G ■ 
T'G- 



T'l' 



aGT' 



T'GT' 



I'T' 



GaT' 



■ GT'T' 

Gfj.' 

^GT' 



Indeed, the lower pentagon is a part of the statement that I' is a distributive law. The 
left upper corner square is a naturality square for a. Finally the right upper corner is 
expressing the condition that a is a map in i)istr(A^, G) (composed by T'). The external 
part of this diagram evidently gives (jPlMap . Q.E.D. 

30. Proposition. If _ff = in (DIM), or equivalently, by 2, a = , then the 
vertical arrows in (DIM) are identical to the corresponding compositions of vertical arrows 
in (DlMa). 

Proof. It is sufficient to show UeHF' = fi' oa^T' as this implies the assertion both for 
the left-hand and right-hand vertical arrows. In fact we show the stronger assertion that 
UeH = fi' o a"U'. Setting fi' = U'e'F' = UHe'F' and a" = UeHF' o UFrj' we reduce 
the required identity to UeH = UHe'F' o UeHF'U' o UFrj'U'. By the functoriahty of U, 
the assertion follows from Lemma [26| that is formula (j20|l . Q.E.D. 
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31. Theorem. Given an endofunctor (resp. comonad) G in a category M, the cat- 
egory distx{M, G) is canonically isomorphic to the category of Eilenherg- Moore categories 
of varying monads equipped with a lift of G, and functors commuting with the forgetful 
functors and intertwining the lifts ofG. 

Proof, (i) (Bijection for objects) By the definition, Eilenberg-Moore categories of 
T-niodules M.'^ are trivially in 1-1 correspondence with the monads T, and for a fixed 
monad the distributive laws are in bijection with lifts by Beck's theorem 1241 

(ii) (Bijection of Hom-sets) Given a pair of monads T, T', it is also classical that 
morphism of monads are in 1-1 correspondence a ^ with the functors of Eilenberg- 
Moore categories commuting with the forgetful functor. So to show the bijection for 
morphisms there is only one nontrivial thing to prove: the property that a map a of 
monads is actually a morphism in i)istr(A^, G) corresponds exactly to the fact that H°' is 
intertwining the corresponding lifts of G. But all the hard work there has been already 
done: Proposition 1251 states this in one direction, and Corollary 1281 does the converse. 

(iii) [a is a contravariant functor) This is certainly known, but we do not 
know the reference. First of all, the identity functor _ff = id gives a"* — id as it is clear 
by the adjunction triangle eF o Frj. In the situation 

with UH ^U', U'H' = U", we need to show that a"' o a" ^ a"°"' . The LHS is the 
composition 

UF ^JH UFU'F' UHF' ^'iJi" U'F'U"F" ^'"2^^" JJ'H'F" = T" 

By naturality of Ue we may interchange U'F'r]" o UeHF' = UeHF'W'F" o UFUHF'tj" 
and furthermore interchange U'e'H'F" o UeHF'W'F' = UeHH'F" o UFU'e'H'F" : 
UFU'F'U"F" U'H'F" = T" . Thus we obtain that LHS equals 

UF UFU'F' UFU'F'U"F" ^^"^1^'^" UFU"F" T" 

Now the composition of the second and third morphism is UFa^ by the definition, and 
7]' = T]" hence the composition of the first three transformations is UFrj" , therefore 
all 4 compose to the UeHH'F" o UFr]" = a"°"' by the definition. Q.E.D. 

32. It is again standard that maps of monads a : T ^ S are in 1-1 correspondence 
with the functors H : A/"^, such that U'^H = KU^ . 



u 



M—^N 



We will below need the explicit formulas for this bijection. Given a functor H as above, 
the corresponding map of monads : TK^KS (cf. Borceux, II 4.5.1) is the composition 

TK '^-^ TKS = U^F'^KU'^F'^ = U'^F'^U'^HF^ u^e^F^ u'^HF^ = KU^F'^ = KS 
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Conversely, given a morphism of monads a we obtain the lift H°' simply as 

iJ"(Af, ly) := {KM, K{v) oum)- 

All together this is a canonical bijection, clearly extending the formulas in[71 Moreover, for 
any transformation of maps of monads a : (if, a)^{K' , a') : T==>S one defines a natural 
transformation a : H"=^H°' hy a = all'^ , i.e. 

^(M,.) := <^M ■■ {KM,K{v)oaM) -> (K' M,K' {v) o an)- 

We leave for the reader to check that a{^M,v) is really a morphism in A/"^, i.e. 

aM ° K(v) o aM = K'{iy) o a'j^j o T{(Jm)- 

This transformation lifts a, when considered just as a transformation of functors a : 
K^K'. That means a = aU^ . 

Conversely, given any natural transformation 9 : H^^H" such that U^{0(m,v)) '■ 
KM K' M does not depend on v and hence lifts a (unique) transformation of functors 
9^, : K^K', then 9^ is automatically given by formula (0*)m = U'^ {9(^TM.fij,i)) which is a 
transformation of maps of monads 

9^ : {K,a)^{K',a') : T ^ S 

Now we claim that H is equivariant (intertwines G''^ and G"^) iff a is a map of pairs, 
i.e. ([7]) holds. Of course, if the coherence C is non-trivial then one needs to equip also H 
with a coherence. Moreover, one can consider a certain 2-category of small categories each 
equipped with an endofunctor G, a monad, say T, and a distributive law; with the maps 
of pairs as morphisms and certain class of compatible modifications of such morphisms. 
Then there is a 2-isomorphism with a 2-category of Eilenberg-Moore categories, equipped 
with lifts, equivariant functors of such and their equivariant natural transformations where 
everything commutes with the forgetful functors. 

33. Proposition. Condition (Qj ensures a 2-cell H'^G^ => G^H°'. 
Proof. For aU (M, i^) £ , 

H°^G-^{M,v) = H°'{G^M,G^{v)olfj) 

= {KG^M, KG^{v) o K{ll,) o aan) 
= [KG^M, KG^{v) o G^(aAf) o l^j.^) 
=> [G^KM, G^{K{iy) o an) o 1],^) 
= G^{KM,K{v)oaM) 
= G^H°'{M,v) 

We used in the middle step the 2-cell C,^j : KG^M^G-^ KM in the first component and 
composing with it in the second component. 

34. Theorem. The natural transformation a : H""^!!" induced from a transforma- 
tion of monads a is equivariant iff a : a^a' is a transformation of maps of pairs. 

35. Theorem. If V is the PRO for monoids then 2-category YieY>Q_^^^^a{V) is iso- 
morphic to the following 2-category: the objects are triples {Ai,T,U'^ : AA'^ Ai) where 
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T is a monad in a C-actegory Ai, Ai'^ is the Eilenberg- Moore category ofT equipped with 
a C-action making a strict monoidal functor; 1-cells are colax C-equivariant functors 
of Eilenberg- Moore categories M.'^ J\f^ commuting with the forgetful functor and 2-cells 
the natural transformations of colax C-equivariant functors. 

36. In his classical article |I0 R. Street has considered monads and Eilenberg- 
Moore objects in general 2-categories. The fact that the Beck's bijection between lifts 
and distributive laws extends to an isomorphism of 2-categories, may be viewed, after 
applying our correspondence between the 2-category of distributive laws and the 2-category 
of equivariant monads, as the correspondence between the Eilenberg-Moore objects and 
monads inside the 2-category C— act^. For this one needs to apply a result on the existence 
of Eilenberg-Moore objects in this setup. S. Lack has proved a general result of this type, 
namely existence of certain lax limits whose combinations include the Eilenberg-Moore 
objects, in the 2-category of pseudoalgebras over a 2-monad. In our case the 2-monad 
is a strictification of the pseudomonad Cx on Cat, whose structure is induced from the 
monoidal category structure on C, and whose pscudocoalgebras are coherent C-actions. In 
a way this is more general than our approach as it allows other 2-nionads: on the other 
hand our case is more general as the monads are generalized to actions of PRO-s and more 
general P-actions. Some subtleties of the latter case are discussed in [9J. Our approach 
also emphasizes on explicit formulas for all the correspondences and isomorphisms instead 
of equivalences at certain places. 

37. (Relative distributive laws) Recall that a pseudomonad in a Gray-category K, is an 
object H inK. and a pseudomonoid in the Gray-monoid 1C{H, H) (for Gray-pseudomonoids 
see e.g. (5). Thus a pseudomonad is a tuple D = (D, ^,r],a'' ,a^) where D : X ^ X 
is a 1-cell in /C, /i : DD D and : D ^ DD are 2-cells in IC and the coherence 
for right unit : fj, o Drj^ido, the coherence for left unit a' : /i o riD^ido and the 
coherence for associativity : fi o (Dnj^fi o {fj,D) are invertible 2-cells in /C satisfying 
2 standard coherence identities. Suppose we are given pseudomonads C and D in /C, 
and a fixed 1-cell X in IC{H',H), for some object H' in IC. Suppose that X is both the 
C-pseudoalgebra (X, p, V''",^'") and £>-pseudoalgebra {X,i',iIj^ ,^^), one may ask what 
makes the D-pseudoalgebra structure (say colax-) C-equivariant in the sense that the 
defining 1-cell ly : DX X and the invertible 2-cells 

■0^ : v o rix=>ldx, • ° {Diy)=>i' o nx, 

are equipped with a structure of 1-cell and 2-cells in the 2-category of C-pseudoalgebras, 
colax morphisms of pseudoalgebras, and their natural transformations. For this to make 
sense we need also a C-structure on DX what may need another distributive law, but 
in many cases this part of the data is in fact canonically provided, while the additional 
structure above is not. For example, if the pseudomonads are the cartesian products with 
monoidal categories then we can just use the commutativity of the cartesian product to 
identify DCX and CDX while their actions on concrete X does not trivially commute 
and what we discuss here is precisely the additional distributive structure for the two 
actions. More generally, we can consider just some "higher" distributive law between 
the pseudomonads, can : DC CD and define the distributive laws for pseudoalgebras 
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relatively to it. For the 1-cell v : DX — > X the additional structure is a 2-cell 

T : po Cv^u o D{p) o can 
in /C, where two coherences hold for r, namely 

Ci' 



CDX 



DX —-^ DCX /t 



■CX = DX-^CDX 



D{p) 



4' 

X — ^cx 



C(v) 



DX 



-^X 



and the pasting 



CCDX 



CCv 



^CCX 



CDX 



equals the pasting 



DX 




^CX 



-^X 



CCDX 



C 



CDX 



DCX 



CCv 



-^CCX 



4.: 



Cp 



CX 



4- 



CX 



Dp 



DX 



X 



These coherences say precisely that {ip^,T) : {X, p,ijj'-^ ,x^) — > {X' , p' ,'tp"~' ,x"^) is a colax 
morphism of C-pseudoalgebras. Notice that if the pseudonaturality of yu*-^ and jy*-^ is in fact 
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naturality then we exactly get one triangle and one pentagon for the nonidcntity 2-cells. 
For the 2-cells : i^o7y^=^>idx and '■ y o D{v)^vo there is no additional structure 
but rather a requirement that they are natural transformations of colax C-equivariant 
morphisms of C-pseudoalgebras, what boils down to a bit expanded tin-can diagrams: 



CX 




cx 



CiVx) C(v) 

CX ^ CDX ^ CX 



X 



X 




If T]^ is again natural (in particular rj^ = id), this identity boils down to a triangle for 
natural transformations. The tin can identity for is as follows 



CDDX CDX CX 

can \ ih(x° 




DCDX 



CDX 



DDCX OCX it 



DDp 

DDX 



-1 p 

DX- 



CDDX CDX CX 



(21) 




X 




Again in the 2-categorical situation, when /x^ is the identity this boils down to a pentagon 
for natural transformation. The distributive laws between two actions of monoidal cate- 
gories on a fixed category X are a special case of this construction. Notice that each of the 
two pentagons and two triangles, is defined using a pasting diagram which contains embed- 
ded exactly one pentagon or triangle for the higher distributive law. This is an interesting 
"recursive" structure. We see that the distributive laws between the pseudoalgebras are 
defined relative to a higher distributive law can : CD — > DC between their pseudomonads 
which is in our case "canonical" and invertible, but it may be not so. Moreover, the higher 
distributive law may be in fact a pseudodistributive law as in 6J, and we again, mutatis 
mutandis, define the distributive laws between the pseudoalgebras using essentially the 
same "relative" pasting diagrams as above, sometimes with nontrivial 2-cells inserted in 
place of trivial ones. For example, the upper left pentagon in the left-hand diagram in (|2ip 
is then filled with a nontrivial 2-cell. 
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